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Abstract. In this paper we present augmented Lagrangians for nonconvex minimization
problems with equality constraints. We construct a dual problem with respect to the presented here
Lagrangian, give the saddle point optimality conditions and obtain strong duality results. We use
these results and modify the subgradient and cutting plane methods for solving the dual problem
constructed. Algorithms proposed in this paper have some advantages. We do not use any
convexity and differentiability conditions, and show that the dual problem is always concave
regardless of properties the primal problem satisfies. The subgradient of the dual function along
which its value increases is calculated without solving any additional problem. In contrast with the
penalty or multiplier methods, for improving the value of the dual function, one need not to take
the ‘penalty like parameter’ to infinity in the new methods. In both methods the value of the dual
function strongly increases at each iteration. In the contrast, by using the primal-dual gap, the
proposed algorithms possess a natural stopping criteria. The convergence theorem for the
subgradient method is also presented.
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1. Introduction

Let X be any topological linear space, let S ,X be a nonempty subset of X, let Y be
a real normed space and let Y* be its dual.

We will be concerned with the nonlinear programming problem:

(P) minimize f (x) over all x in S satisfying f(x)5 00

where f is a real-valued function defined S and f is a mapping of S into Y.0

We will denote by i ? i the norm of Y, by i ? i the norm of Y*, and the value of*
the linear continuous functional y*[Y* at the point y [Y by ky, y*l.

For every x [X and y [ Y let

f (x) if x [ S and f(x)5 y0F(x, y)5 (1)H
1` otherwise

and define the perturbation function associated with (P) as

h( y)5 inf F(x, y) . (2)
x[S
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Let us denote the convex case of the problem (P) by (P ). It is well-known that the0

ordinary Lagrangian function is defined as

L (x, y*)52sup hky, y*l2F(x, y)j . (3)0
y[Y

This definition leads to the following expression which allows to construct a dual
problem in the convex case:

L (x, y*)5 f (x)1 k f(x), y*l for (x, y*)[X 3 Y* .0 0

This definition corresponds to the dual problem

(P*) maximize g ( y*) over all y*[Y* ,0 0

where

g ( y*)5 inf L (x, y*) .0 0
x[S

The optimal values in problems (P ) and (P*) can be expressed as0 0

inf P 5 inf sup L (x, y*) and sup P*5 sup inf L (x, y*) ,0 0 0 0
x[S x[Sy*[Y* y*[Y*

respectively. It is well-known that the optimal values in these two problems satisfy

inf P > sup P * , (4)0 0

and a necessary and sufficient condition for the equality to hold is the existence of a
saddle point of the Lagrangian L ; cf. Rockafellar (1970), Ekeland and Temam0

(1976) and Bazaraa et al. (1993). It was also proved that a pair of vectors x [ S and
u [ Y* furnishes a saddle point of the Lagrangian L on S 3 Y* if and only if0

x is a (globally) optimal solution to (P),
(5)Jh( y)> h(0)1 ky, ul for all y,

where h is the perturbation function defined by (2). Unfortunately, without
convexity and assumptions dependent on it, one cannot very well ensure the
existence of some u for which the inequality in (5) holds. A number of authors have
addressed the question of whether the discrepancy in (4), which is called a ‘duality
gap’ in nonconvex programming, could be eliminated by changing the Lagrangian
function. Such a Lagrangian, called the augmented Lagrange function, may be
obtained by adding linear or quadratic penalty expressions to L . In the finite0

dimensional case, linear penalty expressions was introduced by Pietrzykowski
(1969) and Zangwill (1967). Quadratic penalty expressions was first proposed in the
inequality case by Courant (1943). The addition of squared constrained terms to the
ordinary Lagrangian was first proposed by Hestenes (1969) and Powell (1969) in
association with a special numerical approach—called the method of multipliers—to
problems having equality constriants only; cf. Fletcher (1979), Haarhoff and Buys
(1970), Kort and Bertsekas (1972) and Poljak (1970). Penalty expressions with a
possible mixture of linear and quadratic pieces have been suggested by Rockafellar
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(1993). All these approaches was generalized by Rockafellar and Wets (1998). They
m ¯introduced a general augmenting function s : R → R, which is proper, lower

semicontinuous and convex, with min s 5 0, arg min s 5 h0j and defined an
¯augmented Lagrangian with penalty parameter r . 0 in the form l(x, y, r)5 infu

hF(x, u)1 rs(u)2 ky, ulj, where f 5F(?, 0). In particular, the augmented Lagran-0

gian generated with the augmenting function s(u)5 iui was termed a ‘sharp
Lagrangian’.

In recent years the duality of nonconvex optimization problems, in more
generalized form, was studied in the framework of the so-called abstract convexity
(see Pallaschke and Rolewicz, 1997; Rubinov, 2000; Singer, 1997). Abstract
convexity has found many applications in the study of problems of mathematical
analysis and optimization. The books by D. Palaschke and Rolewicz (1997) and by
I. Singer (1997) contain detailed presentations of many results of abstract convex
analysis, which are concentrated around notions of subdifferentials, conjugations
and dualities. Special kinds of nonlinear analogues of Lagrange and penalty
functions are studied in the excellent book by A.M. Rubinov (2000).

Computational considerations in nonconvex problems have led to algorithms
based on Lagrangian duality. Naturally, the differentiability properties of dual
functions are a very important determinant of the type of dual method that is
appropriate for a given problem.

The main purpose of this paper is to present solution algorithms for nonconvex
mathematical programming problems with respect to an augmented Lagrangian of
the special type. In this paper we modify the subgradient and cutting plane methods
for maximizing the nondifferentiable dual function. We consider for simplicity,
equality constraint case and obtain the duality relations with respect to the
constructed here Lagrangian. In order to calculate augmented Lagrange function we
use the formula (3)—a natural definition of the Lagrange functions, by taking
2 ciyi1 ky, y*l instead of ky, y*l. We present conditions under which a duality gap
can be eliminated by using such a Lagrangian for nonconvex mathematical
programming problems. As was mentioned above, such a Lagrangian may be
considered as the sharp Lagrangian presented by Rockafellar and Wets (1998), on
the one hand and as a special case of the extended Lagrangians defined in the book
by Rubinov (2000), on the other hand. Therefore some theorems concerning the
duality results are presented without proofs.

Note that subgradient methods were first introduced in the middle 60s; the works
of Demyanov (1968), Poljak (1969a, 1969b, 1970) and Shor (1985, 1995) were
particularly influental. The convergence rate of subgradient methods is discussed in
Goffin (1977). Cutting plane methods were proposed by Cheney and Goldstein
(1959) and Kelley (1960). For further study of this subject see Bertsekas (1995) and
Bazaraa et al. (1993). These methods were used for solving dual problems obtained
by using ordinary Lagrangians or problems satisfying convexity conditions. How-
ever, our main purpose is to find an optimal solution to the primal problem and
unfortunately, without convexity assumptions we cannot very well ensure the
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equality of optimal values of primal and dual problems constructed by this manner.
We show that a dual function constructed in this paper is always concave. Without
solving any additional problem, we calculate the subgradient of the dual function
along which its value increases. We use this result in the subgradient and cutting
plane methods for improving the value of the dual function and for choosing the
better values of the primal and dual variables.

2. Duality

Consider the primal mathematical programming problem defined as:

(P) inf P 5 inf f (x) subject to x [ S, f(x)5 0 .0

Every element x [D, where D is a feasible set defined as D 5 hx [ Su f(x)5 0j, such
that f (x)5 inf P will be termed a solution of (P). By a general definition of0

Lagrangians the augmented Lagrangian L associated with (P) will be defined as

L(x, u, c)5 inf hF(x, y)1 ciyi2 ky, ulj ,
y[Y

for x [X, y [Y, c [ [0, 1`), where the function F(x, y) is defined in (1). By
using the definition of F, we can concretize the augmented Lagrangian associated
with (P):

L(x, u, c)5 inf hF(x, y)1 ciyi2 ky, ulj5 f (x)1 ci f(x)i2 k f(x), ul ,0
y5g(x)

for x [ S, u [ Y*, and c [ [0, 1`).
The dual function H is defined as:

H(u, c)5 inf L(x, u, c), for u [ Y*, c [ [0, 1`);R . (6)1
x[S

Then, a dual problem of (P) is given by

(P*) sup P*5 sup H(u, c) .
(u,c)[Y*3R1

Any element (u, c)[Y*3R with H(u, c)5 sup P* is termed a solution of (P*).1

LEMMA 1. For every u [ Y*, y [ Y, y ± 0 and for every r [R there exists1

c [R such that ciyi2 ky, ul. r.1

Proof. Let u [ Y*, y [Y, y ± 0 and r [R . We choose c [R with c . iui1 r /1 1

iyi. Then ciyi2 iui ? iyi. r. Since iui ? iyi> ky, ul we have ciyi2 ky, ul.* *
r. h

It follows from this lemma that

f (x), f(x)5 00sup L(x, u, c)5H1`, f(x)± 0 .(u,c)[Y*3R1
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Hence,

inf sup L(x, u, c)5 inf h f (x)ux [ S, f(x)5 0j5 inf P . (7)0
x[S (u,c)[Y*3R1

This means that the value of a mathematical programming problem with equality
constraints can be represented as (7), regardless of properties the original problem
satisifes.

Proofs of the following four theorems are analogous to the proofs of similar
theorems presented for augmented Lagrangian functions with quadratic penalty
expressions or with more general augmenting functions. See, for example, Rockafel-
lar (1993) and Rockafellar and Wets (1998).

THEOREM 1. inf P > sup P*.

¯ ¯THEOREM 2. Suppose that inf P is finite. Then a pair of elements x [ S and (u,
c̄ )[ Y*3R furnishes a saddle point of the augmented Lagrangian L on S 31

¯ ¯ ¯(Y*3R ) if and only if x is a solution to (P), (u, c ) is a solution to (P*) and inf1

P 5 sup P*.

THEOREM 3. A pair of vectors x [ S and (u, c)[ Y*3R furnishes a saddle pont1

of the augmented Lagrangian L on S 3 (Y*3R ) if and only if1

x is a solution to (P) , Jh( y)> h(0)1 ky, ul2 ciyi for all y ,

where h is a perturbation function defined by (2). When this holds, any a . c will
have the propety that

[x solves (P)]⇔[x minimizes L(z, u, a) over z [ S] .

THEOREM 4. Suppose in (P) that f and f are continuous, S is compact, and a0

feasible solution exists. Then inf P 5 sup P* and there exists a solution to (P).
Furthermore, in this case, the dual function H in (P*) is concave and finite
everywhere on Y*3R , so this maximization problem is effectively unconstrained.1

The following theorem will also be used as a stopping criteria in solution algorithms
for dual problem in the next section.

¯ ¯THEOREM 5. Let inf P 5 sup P* and suppose that for some (u, c )[ Y*3R , and1

x̄ [ S,

¯ ¯ ¯ ¯ ¯ ¯ ¯min L(x, u, c )5 f (x )1 c i f(x )i2 k f(x ), u l . (8)0
x[S

¯ ¯ ¯Then x is a solution to (P) and (u, c ) is a solution to (P*) if and only if
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¯f(x )5 0 . (9)

¯ ¯Proof. Necessity. If (8) is satisfied and x is a solution to (P) then x is feasible and
¯therefore f(x )5 0.

¯ ¯ ¯Sufficiency. Suppose to the contrary that (8) and (9) are satisfied but x and (u, c )
˜ ˜ ¯are not solutions. Then, there exists x [D such that f (x ), f (x ). Hence0 0

˜ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯f (x ), f (x )5 f (x )1 c i f(x )i2 k f(x ), u l5H(u, c )0 0 0

¯ ¯5min L(x, u, c )< sup min L(x, u, c)5 sup P*
x[S x[S(u,c)[Y*3R1

˜5 inf P < f (x ) ,0

which proves the theorem. h

3. Solving the dual problem

We have described several properties of the dual function in the previous section. In
this section, we utilize these propeties to modify the subgradient and cutting plane
methods for maximizing the dual function H. Theorems 2, 3 and 4 give necessary
and sufficient conditions for an equality between inf P and sup P*. Therefore, when
the hypotheses of these theorems are satisfied, the maximization of the dual function
H by using the subgradient method or the cutting plane method will give us the
optimal value of the primal problem.

n mWe assume throughout this section that X 5E and Y 5E are finite dimensional
spaces, and the hypotheses of Theorem 4 are satisfied. We consider the dual problem

maximize H(u, c)5min L(x, u, c)5min h f (x)1 ci f(x)i2 u9 f(x)j0
x[S x[S

msubject to (u, c)[F 5E 3R ,1

where u9 is the transpose of the vector u, and u9 f(x) denotes the scalar product of
vectors u and f(x).

It will be convenient to introduce the following set:

S(u, c)5 Arg min [ f (x)1 ci f(x)i2 u9 f(x)] .0
x[S

The assertion of the following theorem can be obtained from the known theorems on
the subdifferentials of the continuous maximum and minimum functions. See, for
example, Polak (1997).

THEOREM 6. Let S be a nonempty compact set in X and let f and f be continuous,0
m¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯so that for any (u, c )[E 3R , S(u, c ) is not empty. If x [ S(u, c ), then (2 f(x ),1

¯ ¯ ¯i f(x )i) is a subgradient of H at (u, c ).
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3.1. SUBGRADIENT METHOD

Initialization Step. Choose a vector (u , c ) with c > 0, let k 5 1, and go to the1 1 1

main step.

Main Step 1. Given (u , c ), solve the following subproblem:k k

Minimize f (x)1 c i f(x)i2 u9 f(x)0 k k

subject to x [ S .

Let x be any solution. If f(x )5 0, the stop; by Theorem 5, (u , c ) is a solutionk k k k

to (P*), x is a solution to (P). Otherwise, go to step 2.k

2. Let

u 5 u 2 s f(x ), c 5 c 1 (s 1´ )i f(x )i , (10)k11 k k k k11 k k k k

where s and ´ are positive scalar stepsizes, replace k by k 1 1, and repeat step 1.k k

The following theorem shows that in contrast with the subgradient methods
developed for dual problems formulated by using ordinary Lagrangians, the new
iterate strictly improves the cost for all values of the stepsizes s and ´ .k k

mTHEOREM 7. Suppose that the pair (u , c )[E 3R is not a solution to the dualk k 1

problem and x [ S (u , c ). Then for a new iterate (u , c ) calculated fromk k k k11 k11

(10) for all positive scalar stepsizes s and ´ we have:k k

20,H(u , c )2H(u , c )> (2s 1´ )i f(x )i .k11 k11 k k k k k

mProof. Let (u , c )[E 3R , x [ S(u , c ) and (u , c ) is a new iteratek k 1 k k k k11 k11

calculated from (10) for arbitrary positive scalar stepsizes s and ´ . Then byk k
mTheorem 6, the vector (2 f(x ), i f(x )i)[E 3R is a subgradient of a concavek k 1

function H at (u , c ) and by definition of subgradients we have:k k

H(u , c )2H(u , c )k11 k11 k k

< (u 2 u )9(2 f(x ))1 (c 2 c )i f(x )ik11 k k k11 k k

2 2 2
5 s i f(x )i 1 (s 1´ )i f(x )i 5 (2s 1´ )i f(x )ik k k k k k k k

On the other hand

H(u , c )k11 k11

95min h f (x)1 c i f(x)i2 u f(x)j0 k11 k11
x[S

5min h f (x)1 c i f(x)i2 u9 f(x)1 (s 1´ )i f(x )i i f(x)i1 s f(x )9 f(x)j0 k k k k k k k
x[S

>min h f (x)1 c i f(x)i2 u9 f(x)1 (s 1´ )i f(x )i i f(x)i2 s i f(x )i i f(x)ij0 k k k k k k k
x[S

5min h f (x)1 c i f(x)i2 u9 f(x)1´ i f(x )i i f(x)ij0 k k k k
x[S

5min h f (x)1 (c 1´ i f(x )i)i f(x)i2 u9 f(x)j .0 k k k k
x[S
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˜ ˜Now suppose that the last minimum attains for a some x [ S. If f(x ) were zero,
then by Theorem 5, the pair (u , c 1´ i f(x )i) would be a solution to the dualk k k k

problem and theorefore

min h f (x)1 (c 1´ i f(x )i)i f(x)i2 u9 f(x)j0 k k k k
x[S

.min h f (x)1 c i f(x)i2 u9 f(x)j5H(u , c ) ,0 k k k k
x[S

˜because of (u , c ) is not a solution. When f(x )± 0 thenk k

min h f (x)1 (c 1´ i f(x )i)i f(x)i2 u9 f(x)j0 k k k k
x[S

˜ ˜ ˜5 f (x )1 (c 1´ i f(x )i)i f(x )i2 u9 f(x )0 k k k k

˜ ˜ ˜. f (x )1 c i f(x )i2 u9 f(x )>min h f (x)1 c i f(x)i2 u9 f(x)j5H(u , c ) .0 k k 0 k k k k
x[S

Thus we have established that H(u , c ).H(u , c ). hk11 k11 k k

The following theorem demonstrates that for the certain values of stepsizes s andk

´ , the distance between the points generated by the algorithm and the solution tok

the dual problem decreases at each iteration (cf. Bertsekas (1995), Proposition
6.3.1).

THEOREM 8. Let (u , c ) be any iteation, which is not a solution to the dualk k

¯ ¯problem, so f(x )± 0. Then for any dual solution (u, c ), we havek

¯ ¯ ¯ ¯i(u, c )2 (u , c )i, i(u, c )2 (u , c )ik11 k11 k k

for all stepsizes s such thatk

¯ ¯2(H(u, c )2H(u , c ))k k
]]]]]]]0, s , , (11)k 25i f(x )ik

and 0,´ , s .k k

Proof. We have
2 2 2¯ ¯ ¯ ¯i(u, c )2 (u , c )i 5 iu 2 u i 1 uc 2 c uk11 k11 k11 k11

2 2¯ ¯5 iu 2 (u 2 s f(x ))i 1 uc 2 (c 1 (s 1´ )i f(x )i)uk k k k k k k

2 2 2¯ ¯5 iu 2 u i 1 2s (u 2 u )9 f(x )1 (s ) i f(x )ik k k k k k

2 2 2¯ ¯1 (c 2 c ) 2 2(s 1´ )(c 2 c )i f(x )i1 (s 1´ ) i f(x )ik k k k k k k k

2 2 2¯ ¯, iu 2 u i 1 2s (u 2 u )9 f(x )1 (s ) i f(x )ik k k k k k

2 2 2¯ ¯1 (c 2 c ) 2 2s (c 2 c )i f(x )i1 (2s ) i f(x )i ,k k k k k k

¯where the last inequality is a result of inequalities c 2 c . 0, i f(x )i. 0, andk k

0,´ , s . Now, by using the subgradient inequalityk k
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¯ ¯ ¯ ¯H(u, c )2H(u , c )< (u 2 u )9(2 f(x ))1 (c 2 c )i f(x )i ,k k k k k k

we obtain
2 2¯ ¯iu 2 u i 1 uc 2 c uk11 k11

2 2 2 2¯ ¯ ¯ ¯, iu 2 u i 1 uc 2 c u 2 2s (H(u, c )2H(u , c ))1 5(s ) i f(x )i . (12)k k k k k k k

It is straightforward to verify that for the range of stepsize of Eq. (11) the sum of the
last two terms in the above relation is negative. Thus,

2 2 2 2¯ ¯ ¯ ¯iu 2 u i 1 uc 2 c u , iu 2 u i 1 uc 2 c u . hk11 k11 k k

The inequality (12) can also be used to establish the convergence result for the
subgradient method.

THEOREM 9. Assume that all conditions of Theorem 4 are satisfied. Let (u , c ) bek k

any iteration of the subgradient method. Suppose that each new iteration (u ,k11

c ) is calculated from (10) for the stepwisek11

H̄ 2H(u , c )k k
]]]]s 5 and 0,´ , s ,k 2 k k5i f(x )ik

¯ ¯¯ ¯where H 5H(u, c ) denotes the optimal dual value. Then H(u , c ) → H.k k

2¯Proof. By taking s 5 (H 2H(u , c )) /5i f(x )i in (12) we obtain:k k k k

2¯(H 2H(u , ))k ck2 2 2 2¯ ¯ ¯ ¯ ]]]]]iu 2 u i 1 uc 2 c u , iu 2 u i 1 uc 2 c u 2k11 k11 k k 25i f(x )ik

which can be written in the form
2 2 2 2¯ ¯ ¯(H 2H(u , c )) , 5i f(x )i [(iu 2 u i 1 uc 2 c u )k k k k k

2 2¯ ¯2 (iu 2 u i 1 uc 2 c u )] . (13)k11 k11

2 2¯ ¯It is obvious that, the sequence hiu 2 u i 1 uc 2 c u j is bounded from below (fork k
2 2¯ ¯example, by zero), and by Theorem 8, it is decreasing. Thus, hiu 2 u i 1 uc 2 c u jk k

is a convergent sequence. Hence

2 2 2 2¯ ¯ ¯ ¯lim [(iu 2 u i 1 uc 2 c u )2 (iu 2 u i 1 uc 2 c u )]5 0 .k k k11 k11
k→`

2On the other hand, since S is a compact set and f is continuous, h5i f(x )i j is ak

bounded sequence. Thus, (13) implies

¯H(u , c ) → H . hk k

¯ ¯Unfortunately, however, unless we know the dual optimal value H(u, c ), which is
rare, the range of stepsize is unknown. In practice, one can use the stepsize formula
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a (H 2H(u , c ))k k k k
]]]]]]s 5 , (14)k 25i f(x )ik

where H is an approximation to the optimal dual value and 0,a , 2. By Theoremk k

7, the sequence hH(u , c )j is increasing, therefore to estimate the optimal dual valuek k

from below, we can use the current dual value H(u , c ). As an upper bound, we cank k

¯ ¯use any primal value f (x ) corresponding to a primal feasible solution x.0

Now we demonstrate the proposed algorithm on some problems. Note that,
inequality constraint problems can be reduced to equality constraint one by adding
slack variables to left hand sides of inequalities. The program package ‘LINGO 6.0’
has been applied for solving dual unconstrained problems. The stopping criteria is

k 24taken as i f(x )i< 10 . For description of results of the numerical examples we use
the following notations:

• k is the number of iterations;
k k• (u , c ) – is a vector of Lagrange multipliers at kth iteration;

k• x is a minimizer of Lagrange function L(x, u , c ) over x [ S;k k

• H is the upper bound for the values of dual function;
k• s is the stepsize parameter calculated at the kth iteration by the formula

2s 5 (H – H(u , c )) /5i f(x )i ;k k k k
k k• ´ 5 0.95s ;

• x* is an optimal primal solution;
• f *5 f (x*).0 0

EXAMPLE 1. (see Himmelblau, 1972) (Table 1)

2 2 2f (x)1 10002 x 2 2x 2 x 2 x x 2 x x → min0 1 2 3 1 2 1 3

subject to
2 2 2f (x)1 x 1 x 1 x 2 255 01 1 2 3

f (x)5 8x 1 14x 1 7x 2 565 02 1 2 3

and

x > 0, i 1 1, 2, 3i

x*5 (3.512, 0.217, 3.552), f *5 961.7150

EXAMPLE 2. (see Khenkin, 1976) (Table 2)

Table 1. Summary of the computations for Example 1
k k k k k k k k k kk u u c x x x H H(u , c ) i f(x )i s1 2 1 2 3

1 0 0 0 5 5 5 2000 850 102.083 0.2207
2 21.1035 21.9643 4.3935 3.5113 0.2171 3.553 2000 961.7152 2.23E 2 06
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Table 2. Summary of the computations for Example 2
k k k k k k k k kk u c x x x H H(u , c ) u f(x )u s1 2 3

1 0 0 0 0 1.23457 2 0 2.734568 0.053491
2 20.1463 0.2852 4.06E 2 02 4.06E 2 02 0 2 8.67E 2 02 1.185017 0.272498
3 20.4692 0.9149 2.29E 2 01 2.29E 2 01 0 2 0.3004191 5.89E 2 08

2 2 2f (x)5 0.5(x 1 x ) 1 50(x 2 x ) 1 sin (x 1 x ) → min0 1 2 2 1 1 2

subject to
2 2 2f(x)5 (x 2 1) 1 (x 2 1) 1 (x 2 1) 2 1.5< 0 .1 2 3

x*5 (0.229014, 0.229014), f *5 0.3004190265 .0

By adding a slack variable x to the left-hand side of the single constraint we obtain4

an equality constrained problem.

EXAMPLE 3. (see Khenkin, 1976) (Table 3)

2 2 2f (x)5 0.5(x 1 x ) 1 50(x 2 x ) 1 x 1 ux 2 sin(x 1 x )u→ min0 1 2 2 1 3 3 1 2

subject to
2 2 2f(x)5 (x 2 1) 1 (x 2 1) 1 (x 2 1) 2 1.5< 0 .1 2 3

x*5 (0.229014, 0.229014, 0.4421181), f *5 0.3004190265 .0

By adding a slack variable x to the left2 hand side of the single constraint we4

obtain an equality constrained problem.

EXAMPLE 4. (see Floudas, 1999) (Table 4)

f(x, y)5 [a, x]2 0.5[x, Qx]1 by → min

subject to

Table 3. Summary of the computations for Example 3
k k k k k k k k k kk u c x x x x H H(u , c ) u f(x )u s1 2 3 4

1 0 0 0 0 0 0 2 0 1.5 0.177778
2 20.2667 0.52 0.22904 0.22899 0.44218 0 2 0.3004193 1.18E 2 07

Table 4. Summary of the computations for Example 4
k k k k k k k k k k k k k kk u u c x x x x x x x y H H(u , c ) i f(x )i s1 2 1 1 2 3 4 5 6 7

1 0 0 0 1 1 1 1 1 0 0 20 0 2 475.5 21.7313 0.201376
2 21.7117 24.0275 8.5335 0 1 0 1 1 0.5 0 20 0 2 361.5 0
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f (x)5 6x 1 3x 1 3x 1 2x 1 x 2 6.5< 01 1 2 3 4 5

f (x)5 10x 1 10x 1 y 2 20< 02 1 3

and

0< x < 1, i 5 1, 2, 3, 4, 5, y < 0 ,i

where a 5 (2 10.5, 2 7.5, 2 3.5, 2 2.5, 2 1.5), b 5 2 10, Q 5 100I, and I is the
identity matrix.

x*5 (0, 1, 0, 1, 1), y*5 20, f *5 2 361.5 .

By adding the slack variables x and x to the left-hand sides of constraints we6 7

obtain an equality constrained problem.

EXAMPLE 5. Consider the following problem which is formed arbitrarily:
3 3 2f (x)5 x 1 x 2 x → min0 1 2 3

subject to
2 2 2f (x)5 x 1 x 1 x 2 95 0,1 1 2 3

2f (x)1 x 2 2x 1 x 2 25 0,2 1 2 3

2 3< x < 3, i 5 1, 2, 3 .i

k k k kAt iteration k for dual variables (u , c ), problem to be solved to give x and H(u ,
kc ) is

3 3 2 k 2 2 2 2 2 2 1 / 2min [x 1 x 2 x 1 c ((x 1 x 1 x 2 9) 1 (x 2 2x 1 x 2 2) )1 2 3 1 2 3 1 2 3

k 2 2 2 k 2
2 u (x 1 x 1 x 2 9)2 u (x 2 2x 1 x 2 2)] .1 1 2 3 2 1 2 3

Because of the continuity of the functions f , f and f and the compactness of the0 1 2

set

S 5 hx 5 (x , x , x )u2 3< x < 3, i 5 1, 2, 3j1 2 3 i

the optimal values of primal and dual problems must be equal. Table 5 below
summarizes the computations obtained by using the modified subgradient method.

As seen from the Table 5, the values of primal and dual problems calculated at the
second iteration are approximately equal. The approximative values of primal and

¯ ¯ ¯dual solutions are x 5 (0.35, 2 0.78, 2.87) and u 5 (2 8.4, 9.4), c 5 18.9 respec-
tively.

Table 5. Summary of the computations for Example 5
k k k k k k k k k k kk (u , u , c ) (x , x , x ) f (x ) H(u , c ) i f(x )i s1 1 1 2 3 0

1 (0, 0, 0) (23, 23, 3) 263 263 26.9073 0.468
252 (28.4, 9.4, 18.9) (0.35, 20.78, 2.87) 28.699210 28.699213 1.3353 10
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3.2. COMBINATION WITH SUBGRADIENT AND CUTTING PLANE METHOD

We now discuss a strategy for solving the dual problem, in which at each iteration, a
function that approximates the dual function is optimized. First, we present the main
idea of the traditional cutting plane method (see, for example, Bazaraa et al., 1993;
Bertsekas, 1995; and references therein).

Recall that the dual function H is defined by

H(u, c)5 infh f (x)1 ci f(x)i2 u9 f(x)ux [ Sj .0

Letting z 5H(u, c), the inequality z < f (x)1 ci f(x)i2 u9 f(x) must hold true for each0
mx [ S. Hence the dual problem of maximizing H(u, c) over (u, c)[E 3R is1

equivalent to the following problem:

maximize z
ms.t. z < f (x)1 ci f(x)i2 u9 f(x) for x [ S, (u, c)[E 3R . (15)0 1

Note that the above problem is a linear program in the variables z, u, and c.
Unfortunately, however, the constraints are infinite and are not known explicitly.
Suppose that we have the points x ,...,x in S and consider the following problem:1 k21

maximize z

s.t. z < f (x )1 ci f(x )i2 u9 f(x ) for j 5 1,...,k 2 1 , (16)0 j j j

m(u, c)[E 3R .1

The above problem is a linear program with a finite number of constraints and can
be solved. Let (z , u , c ) be an optimal solution. If this solution satisfies (15), thenk k k

it is a solution to the dual problem. To check whether (15) is satisfied, consider the
following subproblem:

minimize f (x)1 c i f(x)i2 u9 f(x), subject to x [ S .0 k k

Let x be a solution to the above problem, so thatk

H(u , c )5 f (x )1 c i f(x )i2 u9 f(x ) .k k 0 k k k k k

If

z <H(u , c ) , (17)k k k

then (u , c ) is a solution to the dual problem. Otherwise, for (u, c)5 (u , c ) thek k k k

inequality (15) is not satisfied for x 5 x . Thus, we add the constraint z < f (x )1k 0 k

ci f(x )i2 u9 f(x ) to the constraints in (16), and resolve the linear program.k k

Obviously the current optimal point (z , u , c ) contradicts this added constraint.k k k

Thus, this point is cut away and hence the name, cutting plane algorithm.
In this algorithm there is no guarantee that at each iteration the value of the dual
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function will increase. Therefore, modifying this method, we take at each iteration
the best current value of the dual function and increase it by applying the iterates of
the modified subgradient method proposed above. The second novelty that we
present for this method is a stopping criteria. Since the condition (17) is only
sufficient but not necessary for optimality, it may be happened that the procedure
becomes to the optimal solution (u , c ) but (17) is not still satisfied and thereforek k

algorithm continues to make new iterates. To remove this situation we use the
necessary and sufficient condition (9) for optimality presented in the Theorem 5.

4. Summary of the method

Initialization Step. Solve the problem: minimize f (x), subject to x [ S.0

˜ ˜ ˜Let x be the solution. If f(x )5 0 then stop; x is a solution to the primal0 0 0

problem. Otherwise, find a point x [ S such that f(x )5 0, let u 5 0, c 5 0, k 5 1,0 0 0 0

˜ ˜ ˜H(u , c )5 f (x )1 c i f(x )i2 u9 f(x ), and go to the main step.0 0 0 0 0 0 0 0

Main Step 1. Solve the following problem, which is usually referred to as the
master problem.

maximize z

subject to z < f (x )1 ci f(x )i2 u9 f(x ) for j 1 1, . . . , k 2 1 ,0 j j j

m(u, c)[E 3R .1

˜ ˜Let (z , u , c ) be an optimal solution and go to the step 2.k k k

˜ ˜2. Solve the first subproblem: (SP1) minimize f (x)1 c i f(x)i2 u 9 f(x),0 k k

subject to x [ S.

˜ ˜ ˜Let x be an optimal point. If f(x )5 0 then stop; by Theorem 5, x is a solution tok k k

˜ ˜ ˜ ˜ ˜ ˜ ˜the primal problem. Otherwise, let H(u , c )5 f (x )1 c i f(x )i2 u 9 f(x ) go to thek k 0 k k k k k

step 3.
3. Let

˜ ˜ ˜ ˜ ˜(u , c , x ) if H(u , c )>H(u , c ),k k k k k k21 k21¯ ¯ ¯(u , c , x )5Hk k k (u , c , x ) otherwise.k21 k21 k21

and

¯ ¯ ¯ ¯u 5 u 2 s f(x ), c 5 c 1 (s 1´ )i f(x )i ,k k k k k k k k k

where 0,´ , s , and the stepsize parameter s may be calculated (cf. (14)) as:k k k

¯ ¯a (z 2H(u , c ))k k k k
]]]]]]s 5 , (18)k 25i f(x )ik

for 0,a , 2 and solve the second subproblemk

(SP2) minimize f (x)1 c i f(x)i2 u9 f(x), subject to x [ .0 k k

Let x be an optimal point and let H(u , c )5 f (x )1 c i f(x )i2 u9 f(x ). Ifk k k 0 k k k k k



DUAL METHODS IN NONCONVEX PROGRAMMING 201

f(x )5 0 then stop; x is a solution to the primal problem and (u , c ) is a solution tok k k k

the dual problem. Otherwise, replace k by k 1 1, and repeat step 1. h

REMARK 1. The presented above combined algorithm contains either iterations of
the usual cutting plane method (calculated for the dual problem constructed with
respect to the ‘sharp’ Lagrangian) and iterations of modified subgradient method. It
was proved that every limit point of a sequence of dual solutions generated by the
iterations of the cutting plane method is a dual optimal solution (see, for example,
Proposition 6.3.2 in Bertsekas (1995). Since the dual function is continuous (under
hypotheses of Theorem 4 the dual function is concave and finite everywhere on

m mR 3R , which implies the continuity of this function on R 3 (0, 1`)), the1

corresponding sequence of dual values will converge to the optimal dual value
which coincides with the optimal primal one (by Theorem 4). For the sequence,
generated by the modified subgradient method, the convergence was proved above
in Theorem 9. So, we can conclude that every limit point of the sequence of dual
values generated by the combined method is an optimal value.

¯ ¯REMARK 2. Since z > sup P*>H(u , c ), for each k, we use z as an upperk k k k

approximation for H in (14) and obtain (18).k

REMARK 3. It seems that the use of ‘Cutting Angle Method’ (see Rubinov, 2000;
and also Andramanov et al., 1997; Andramanov et al., 1999) for solving subprob-
lems at the Main Step 1 of the Subgradient Method and at the Main Step 2 and 3 of
the Combined Method may give better results for appropriate problems.
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